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Communicated by Stelios KyriakidesAbstract
This paper deals with the mathematical model of dynamic behaviour of the beam resting on viscoelastic random foun-
dation. It is considered by assuming the modulus of subgrade reaction to be a homogeneous random function of space
variable. The problem is governed by the fourth-order diﬀerential equation with random parameters. The main results
of this article are the approximate analytical solutions for the displacement ﬁeld, variance and dynamic-stiﬀness coeﬃcient.
It has been made a comparison of numerical results obtained by using two diﬀerent methods: Adomian’s decomposition
and Bourret’s approximation. The special method of ﬁnding inverse Laplace transform based on the wavelet theory is
adopted and used in numerical examples. For making numerical calculations and plots the programs in MATHEMATICA
have been prepared.
 2006 Elsevier Ltd. All rights reserved.
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The analysis of stochastic systems has attracted the signiﬁcant interest of many researchers in recent dec-
ades. The important stochastic system in the theory of structures is the dynamically loaded beam on a random
foundation.
This paper is concerned with the analysis of bending waves in semi-inﬁnite beam resting on a viscoelastic
random foundation (Elishakoﬀ, 1983).
The model of dynamic behaviour of beam considered in this paper is useful in a variety of geotechnical
problems (Jaiswal and Iyengar, 1993). Due to the natural variability of soil and the limitation in the density
of ﬁeld testing, there exists a signiﬁcant uncertainty with respect to the true form of the spatial distribution of0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2006.02.018
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coeﬃcient as a homogeneous random function. In this setting the problem is governed by a fourth-order dif-
ferential equation with random parameters and appropriate boundary and continuity conditions. To solve this
problem two diﬀerent approaches were used: Bourret’s approximation (Soong, 1973) and Adomian’s decom-
position (Adomian, 1983). It has been made a comparison of numerical results calculated by using these two
methods. To investigate the properties of the solution a new method of ﬁnding inverse Laplace transform
based on the wavelet theory has been adopted (Daubechies, 1993; Wang et al., 2003). This method allows
to ﬁnd solutions especially for more complicated cases of correlation functions for which traditional methods
are inadequate.
The main results of this article are the approximate analytical solutions for the displacement ﬁeld, variance
and dynamic-stiﬀness coeﬃcient. Parametric analysis shows that the results obtained in the range of the cor-
relation theory on the basis of two approaches coincide in some range of parameters and space variable. This
comparison conﬁrms validity of the obtained solution.
For making the numerical results and plots the programs in MATHEMATICA have been prepared.
2. Problem formulation
Consider the reduced equation of motion for the amplitude of the vertical displacement u* in a semi-inﬁnite
beam resting on randomly inhomogeneous viscoelastic medium (Elishakoﬀ, 1983; Brekhovskikh and Goncha-
rov, 1985)IE
d4u
dx4
þ jsðx; cÞu  qAx2u ¼ 0 ð1Þwith moment of inertia I, modulus of elasticity E, excitation frequency x, density of the beam q, cross section
area of the beam A and space variable x*. The modulus of subgrade reaction js is assumed asjsðx; cÞ ¼
j0ðqþ eðx; cÞÞ for 0 6 x 6 l;
j0q for x > l
;

ð2Þwhere q = 1 + fi, i ¼ ﬃﬃﬃﬃﬃﬃ1p , f is a hysterestic damping ratio, j0 is a spring coeﬃcient, j0q is an average value of
js, l* can be treated as a range of randomness of supporting medium in x direction, e(x*,c) is a dimensionless
random function which describes the randomness of medium with the average value equal to zeroheðx; cÞi ¼ 0. ð3Þ
c is an element of the probability space (C,F,P) with F as a r-algebra of subsets of C, P is a probability mea-
sure on F. The brackets hÆi denote the averaging.
Eq. (1) can be written in dimensionless variables and parameters asd4u
dx4
 k4u ¼ kmeðx; cÞu for xP 0; ð4Þwherek4 ¼ AIða20  jEqÞ; jE ¼
j0
E
; a0 ¼ x
ﬃﬃﬃﬃﬃﬃ
Aq
E
r
; km ¼ jEAI ; AI ¼ A
2
I
ð5Þand x ¼ x= ﬃﬃﬃAp , u ¼ u= ﬃﬃﬃAp are dimensionless space variable and displacement, respectively. Here, k plays the
role of wave number and it is an important factor inﬂuencing the wave ﬁeld. For this reason it is called also the
characteristic of the system.
Assuming e(x,c) is a homogeneous random function (Jaiswal and Iyengar, 1993), one can describe it in the
range of correlation theory by means of the average and correlation functionheðx; cÞeðx1; cÞi ¼ KðsÞ; s ¼ x x1. ð6Þ
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Z x
0
Gðx x1Þeðx1Þuðx1Þdx1; ð7Þwhere G is one-sided Green’s function for the deterministic operator d
4
dx4  k4 (see Appendix A), prime on the
dependent variable denotes diﬀerentiation, Y1, Y2, Y3, Y4 are temporary initial conditions (integration con-
stants) anduð0Þ ¼ Y 1; u0ð0Þ ¼ Y 2; u00ð0Þ ¼ Y 3; u000ð0Þ ¼ Y 4. ð8Þ
The solution must be ﬁnite for x! +1, so it is assumed that for x > luðxÞ ¼ Y 5eikx þ Y 6ekx; ð9Þ
where Y5, Y6 are some constants and l ¼ l=
ﬃﬃﬃ
A
p
.
The coeﬃcient k appearing in Eq. (9) equalsk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
AIða20  jEqÞ4
q
ð10Þand it is chosen so that Re(k) > 0 and Im(k) < 0, what corresponds to waves with exponentially decreasing
amplitude for x! +1.3. Adomian’s decomposition
Assume that the random function u(x) can be written as a sumuðxÞ ¼ uð0ÞðxÞ þ
X1
n¼1
uðnÞðxÞ; ð11Þwhere u(0)(x) and u(n)(x) are undeﬁned deterministic and random functions, respectively.
Substituting Eq. (11) into Eq. (7) and comparing terms of the same order leads touð0ÞðxÞ ¼ Y 1G000ðxÞ þ Y 2G00ðxÞ þ Y 3G0ðxÞ þ Y 4GðxÞ; ð12aÞ
uð1ÞðxÞ ¼ km
Z x
0
Gðx x1Þeðx1Þuð0Þðx1Þdx1; ð12bÞ
uðnÞðxÞ ¼ km
Z x
0
Gðx x1Þeðx1Þuðn1Þðx1Þdx1 ðn ¼ 2; 3; . . .Þ. ð12cÞCombining Eqs. ((12a)–(12c)) givesuðnÞðxÞ ¼ ð1Þnknm
Z x
0
  
Z xn1
0
½Gðx x1Þ   Gðxn1  xnÞ½eðx1Þeðx2Þ    eðxnÞuð0ÞðxnÞdxn    dx1
ðn ¼ 2; 3; . . .Þ. ð13ÞAfter averaging in Eq. (11) and using Eqs. (12a), (13) and (9) one can obtain the second-order approximation
for the average solution (Adomian, 1983)huðxÞi ﬃ uð0ÞðxÞ þ huð2ÞðxÞi. ð14Þ
The nth-order approximation for hu(x)i equalshuðxÞi ﬃ uð0ÞðxÞ þ huð2ÞðxÞi þ    þ huð2nÞðxÞi. ð15Þ
In the explicit form the terms hu(i)(x)i (i = 1,2, . . . ,n) can be represented by the multiple integrals (Hryniewicz,
2004).
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Substituting Eq. (7) into the right-hand side of Eq. (4), statistical averaging and using assumption of Bour-
ret’s approximation (also called the ﬁrst-order smoothing approximation; Hryniewicz, 1997; Belyaev and
Ziegler, 1998)heðxÞeðx1Þuðx1Þi ¼ Kðx x1Þhuðx1Þi ð16Þ
leads to the equation for the approximate average solutiond4hui
dx4
 k4hui  k2m
Z x
0
Gðx x1ÞKðx x1Þhuðx1Þidx1 ¼ 0; ð17Þwhere K(s) is the correlation function. Eq. (17) can be solved by the Laplace transformL½f ðxÞ ¼ f^ ðsÞ ¼
Z þ1
0
expðsxÞf ðxÞdx. ð18ÞThe solution of Eq. (17) in the Laplace transform domain is found to behu^ðsÞi ¼ s
3Y 1 þ s2Y 2 þ sY 3 þ Y 4
s4  k4  k2mL½KðxÞGðxÞ
. ð19ÞFor the exponential correlation function (Sobczyk, 1991; Hryniewicz, 2004)KndðsÞ ¼ r2 expðbjsjÞ; ð20Þ
which is commonly used in stochastic dynamics, Eq. (19) can be written in the form (see Appendix A)hu^ðsÞi ¼ ðs
3Y 1 þ s2Y 2 þ sY 3 þ Y 4Þððsþ bÞ4  k4Þ
ðs4  k4Þððsþ bÞ4  k4Þ  k2mr2
; ð21Þwhere r is the standard deviation and b controls the correlation length.
The inverse Laplace transform of Eq. (21) gives the solution for hu(x)i.5. Numerical results
Eqs. (14), (21) and (9) lead to the explicit form of the displacementhuaðxÞi ¼
X4
i¼1
Y aifaiðxÞ for 0 6 x 6 l; ð22aÞ
huaðxÞi ¼ Y a5f5ðxÞ þ Y a6f6ðxÞ for x > l; ð22bÞ
where the subscript a stands for the expression obtained via Adomian’s (a = A) and the Bourret’s (a = B)
method of solution, respectively. In Eqs. (22) we havefAiðxÞ ¼G4iðxÞ þ k2m
Z x
0
Z x1
0
Gðx x1ÞGðx1  x2ÞKðx1  x2ÞG4iðx2Þdx2 dx1
ði ¼ 1; 2; 3; 4Þ; ð23Þ
fBiðxÞ ¼
X8
n¼1
Ani expðsnxÞ ði ¼ 1; 2; 3; 4Þ; ð24Þ
f5ðxÞ ¼eikx; ð25Þ
f6ðxÞ ¼ekx ð26Þ
P. Koziol, Z. Hryniewicz / International Journal of Solids and Structures 43 (2006) 6965–6977 6969andFig. 1.
(—): (aAni ¼ P 4ðsnÞP 7ðsnÞ s
4i
n ; ð27Þ
P 4ðsÞ ¼ ðsþ bÞ4  k4; ð28Þ
P 7ðsÞ ¼ dP 8ðsÞ
ds
¼ 4s3ððsþ bÞ4  k4Þ þ 4ðs4  k4Þðsþ bÞ3; ð29Þ
P 8ðsÞ ¼ ðs4  k4Þððsþ bÞ4  k4Þ  k2mr2. ð30Þsn(n = 1,2, . . . ,8) are the roots of polynomial P8 in Eq. (30).
Enforcing the boundary and continuity conditionsuð0Þ ¼ u0; u0ð0Þ ¼ 0; ð31a–bÞ
uðlÞ ¼ uðlþÞ; u0ðlÞ ¼ u0ðlþÞ; u00ðlÞ ¼ u00ðlþÞ; u000ðlÞ ¼ u000ðlþÞ ð31c–fÞin Eqs. (22a) and (22b) leads to the explicit form solution for the displacement ﬁeldhuaðxÞi=u0 ¼ fa1ðxÞ  ½Ma3fa3ðxÞ Ma4fa4ðxÞ=Ma for 0 6 x 6 l ð32aÞ
andhuaðxÞi=u0 ¼ ½Ma5f 5ðxÞMa6f6ðxÞ=Ma for x > l. ð32bÞ
The determinants Ma and Mai (i = 3,4,5,6; a = A,B) are given in Appendix A.
The characteristics of the average solution (Eqs. (32a) and (32b))) can be found by analysis of Re(hu(x)i/u0).
The solutions obtained on the basis of two diﬀerent methods, Adomian’s decomposition and Bourret’s
approximation, coincide in some range of the space variable (Fig. 1(a) and (b)). Increasing x leads to discrepancy
of the results especially for higher values of r. It should be noted that in the wave propagation problems related
to dynamic soil-foundation interaction we are often interested in the small range of space variable x (Hrynie-
wicz, 1997). Inﬂuence of randomness is governed by two parameters, variance r2 and correlation length b1.
To investigate the range of coincidence of the displacements obtained by means of the two methods, the
discrepancy index is deﬁned asRðrÞ ¼ jhuAðrÞi  huBðrÞij=maxðjhuAðrÞij; jhuBðrÞijÞ. ð33Þ
Increasing standard deviation r leads to decreasing the range of coincidence of approximate solutions (Fig. 2).
The important measure of dynamic behaviour of the beam on random foundation is dynamic-stiﬀness coef-
ﬁcient (Wolf, 1985). To calculate the dynamic-stiﬀness coeﬃcient of the semi-inﬁnite beam on the elastic foun-
dation, the boundary conditionsuð0Þ ¼ 0; u0ð0Þ ¼ u0 ð34Þ
and the continuity conditions Eq. (31c–f) should be enforced for Eqs. (22a) and (22b).0 5 10 15 20 25 30
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Fig. 2. The range of coincidence R(r) for b = 1, x = 2 (—) and b = 1, x = 4 (–––).
6970 P. Koziol, Z. Hryniewicz / International Journal of Solids and Structures 43 (2006) 6965–6977The corresponding dynamic-stiﬀness coeﬃcient S0 (Wolf, 1985) (i.e., the moment amplitude M0 which will
result in a unit rotation amplitude, u0 = 1) is speciﬁed asS0 ¼ EIhu00ð0Þi. ð35Þ
Combining Eqs. (22), (31c–f), (34) and (35) yieldsS0 ¼ EI  N a3=Ma; ð36Þ
where the determinants Ma and Na3 are given in Appendix A.
The static-stiﬀness coeﬃcient (Wolf, 1985)K0 ¼
ﬃﬃﬃ
2
p
EI
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
j0=EI
4
p
ð37Þ
is used to non-dimensionalize S0 leading toS0 ¼ S0=K0. ð38Þ
The coeﬃcient S0 can be decomposed into its real part (spring coeﬃcient) and imaginary part (damping coef-
ﬁcient) asS0 ¼ k0 þ ia0c0; ð39Þ
wherek0 ¼ ReðS0Þ; c0 ¼ ImðS0=a0Þ. ð40Þ
The numerical results have been carried out for k = 0.167  0.151i (i.e., for a0 = 0.5, jE = 0.5, f = 0.1 and
AI = 0.01). One can observe, that the diﬀerence between the Adomian’s and Bourret’s approximate solutions
is relatively small and it decreases with decreasing standard deviation r. For practically interesting range
0 < r < 0.5 (Hryniewicz, 1997) the diﬀerence between two results is less then 8% (see Fig. 2). The analytical
evaluation of the error of approximate average solution is left as open problem.
Combining Eqs. (12a), (13), (14) and using deﬁnition of variance functionV uðxÞ ¼ h½uðxÞ  huðxÞi2i ð41Þleads to the second-order approximationV uðxÞ ﬃ hu2ð1ÞðxÞi þ hu2ð2ÞðxÞi  huð2ÞðxÞie2. ð42Þ
The explicit form of Eq. (42) as well as the fourth-order approximation of average solutionhuðxÞi ﬃ uð0ÞðxÞ þ huð2ÞðxÞi þ huð4ÞðxÞi ð43Þ
can be obtained by straightforward but lengthy calculations.
One can observe in Fig. 3 that the variance Vu increases with increasing space variable x and standard devi-
ation r.
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0
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u
Fig. 3. Second-order approximation of variance function Vu(x) for b = 1, r = 0.1 (—), b = 1, r = 0.3 (–––) and b = 1, r = 0.5 (  ).
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One can note that for constant r the Bourret’s method leads to simpler computation then the Adomian’s
approach. In many cases of correlation function neither Adomian’s method nor presented Bourret’s approx-
imation can be used for numerical calculations.
Very often it is advantageous if the correlation function is diﬀerentiable. This property allows to omit the
doubts connected with considered stochastic model. It should be noted that the exponential correlation func-
tion used in previous sections is non-diﬀerentiable. It is important to investigate the diﬀerentiable correlation
function, e.g.,KdðsÞ ¼ r2 expðb2s2Þ. ð44Þ
This function leads to diﬃcult integrals used in the Adomian’s approximation (Eq. (15)) and in the Bourret’s
approximation (Eq. (19)). They can be solved only approximately in direct numerical integration, what needs
much eﬀort and appears ineﬀective. In numerical calculations the Laplace transform of product K(x)G(x),
which must be found to calculate Eq. (19), appears to be represented by Kummer conﬂuent hypergeometric
function (Abramowitz and Stegun, 1972; Heckman and Schlichtkrull, 1994). It can be expanded as a series,
what consequently prevents in eﬀective ﬁnding the inverse Laplace transform.
For solving this problem one can use modern analytical method based on the wavelet theory. This method
is performed via wavelet expansion of functions in the transform domain and allows avoiding numerical meth-
ods in calculations.
According to the theory of wavelets one can deﬁne the scaling functionUðxÞ ¼
XM
k¼0
pkUð2x kÞ ð45Þand the wavelet functionWðxÞ ¼
XM
k¼0
qkUð2x kÞ; ð46Þwhere M is an integer and pk, qk are sequences named the ﬁlter coeﬃcients (Daubechies, 1993). The formulas
(45) and (46) are called two-scale relations of the scaling function and wavelet, respectively.
Taking the Fourier transform~f ðxÞ ¼
Z þ1
1
f ðxÞeixx dx ð47ÞofEqs. (45) and (46) one obtains the reﬁnement equations ofU andW in the transformdomain (Hong et al., 2005):~UðxÞ ¼ P ðeix2 Þ~U x
2
 
; ð48Þ
~WðxÞ ¼ Qðeix2 Þ~U x
2
 
ð49Þ
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Values
k
0
1
2
3
4
5
6
7
8
9
10
11P ðzÞ ¼ 1
2
XM
k¼0
pkz
k; QðzÞ ¼ 1
2
XM
k¼0
qkz
k. ð50ÞChoosing ~Uð0Þ ¼ 1 and applying Eq. (48) recursively one obtains the formula (Wang et al., 2003)~UðxÞ ¼
Y1
k¼1
P ðeix=2k Þ. ð51ÞCombining Eqs. (49) and (51) leads to~WðxÞ ¼ Qðeix2 Þ
Y1
k¼1
Pðeix=2k1Þ. ð52ÞThe functions (51) and (52) are called low pass ﬁlter and high pass ﬁlter, respectively.
In the numerical calculations we use one of low pass ﬁlters from a class of orthogonal wavelet functions
called coiﬂets (Beylkin et al., 1991), with ﬁlter coeﬃcients pk (Wang et al., 2003) listed in Table 1.
The scaling function based on these coeﬃcients has good low pass characteristic in some interval near zero
(Wang et al., 2003). The diﬀerence between j~UðxÞj2 and the energy spectrum of the perfect low pass ﬁlter can
be reduced to less than 1% in the frequency domain ½0; p
2
.
Every function f(x) 2 L2(R) can be written asf ðxÞ ¼ Pnf ðxÞ þ
X1
j¼n
Qjf ðxÞ ¼
Xþ1
k¼1
cn;kUn;kðxÞ þ
X1
j¼n
Xþ1
k¼1
dj;kWj;kðxÞ; ð53Þwhere Pn and Qj are the project operators (Meyer, 1992) being connected, according to the multiresolution
analysis (Daubechies, 1993), by the following relations:P jþ1 ¼ Pj þ Qj; ð54Þ
f ðxÞ ¼ lim
n!1
Pnf ðxÞ ¼
Xþ1
j¼1
Qjf ðxÞ. ð55ÞThe multiresolution coeﬃcients in Eq. (53) are deﬁned ascn;k ¼
Z þ1
1
f ðxÞUn;kðxÞdx; dj;k ¼
Z þ1
1
f ðxÞWj;kðxÞdx; ð56Þwhere Un,k(x) = 2
n/2U(2nx  k) and Wj,k(x) = 2j/2W(2jx  k).1
of coiﬂet ﬁlter coeﬃcients used in numerical calculations
pk
0.001689380907695821
0.01816639282073453
0.03507862062605389
0.07074394036809258
0.2197082915811749
0.1013118304071172
0.8067593419102440
1.061135780078056
0.3968448038803485
0.01047986487449172
0.02066385574316280
0.001921632058008399
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2p
Z þ1
1
~f ðxÞeixx dx ð57Þleads tof ðxÞ ¼ 2
ðnþ2Þ=2
p
~Uðx2nÞ
Xþ1
k¼1
cn;keixk2
n þ 1
2p
Xþ1
j¼n
2
j
2 ~Wðx2jÞ
Xþ1
k¼1
dj;keixk2
j
. ð58ÞOne can ﬁnd the inversion of ~f ðxÞ by using Eq. (58) knowing the coeﬃcients cn,k and dj,k. The multiresolution
coeﬃcients are usually diﬃcult to calculate but for the coiﬂets they may be obtained relatively easy (Beylkin
et al., 1991). One can show by the characteristic of the coiﬂets and the reﬁnement equations (Wang et al., 2003)
thatcn;k ﬃ 2n=2f ððk þM1Þ2nÞ ð59Þ
anddj;k ﬃ 2j=21
XM
m¼0
ð1ÞmpMmf ððM1 þ mþ 2kÞ2j1Þ; ð60ÞwhereM1 ¼ 1
2
XM
k¼0
kpk. ð61ÞThe formula (58) can be rewritten asf ðxÞ ¼ lim
n!1
fnðxÞ; ð62ÞwherefnðxÞ ¼ 2
n1
p
~Uðx2nÞ
Xþ1
k¼1
~f ððk þM1Þ2nÞeixk2n . ð63ÞThe inverse Laplace transform is deﬁned asf ðxÞ ¼ L1½f^ ðsÞ ¼ 1
2pi
Z bþi1
bi1
expðsxÞf^ ðsÞds; ð64Þwhere f(x)exp(bx) 2 L2(R). For s = b + ix Eq. (18) can be changed into Fourier transform:f^ ðbþ ixÞ ¼
Z þ1
1
expðbxÞf ðxÞ expðixxÞdx ¼
Z þ1
1
gðxÞ expðixxÞdx ¼ ~gðxÞ; ð65Þwhere g(x) = exp(bx)f(x). Applying Eqs. (62) and (63) to ~gðxÞ one can obtain the formula for inverse
Laplace transform:f ðxÞ ¼ lim
n!1
ebx2n1
p
~Uðx2nÞ
Xþ1
k¼1
f^ ðbþ iðk þM1Þ2nÞeixk2n
( )
¼ lim
n!1
fnðxÞ. ð66ÞThe approximation fn(x) ﬃ f(x) can be used to solve the problem considered in this paper (Eq. (19)). In ﬁnding
the inversion fn(x) a proper range of variable x must be used. This range [xmin,xmax] should cover the set of x
for which ~gðxÞ has a signiﬁcant inﬂuence on the characteristic of original function. The range of summation in
Eq. (66) can be calculated (Wang et al., 2003) from equations:kmin ¼ xmin2n  N c þ 2; kmax ¼ xmax2n  1; ð67Þ
where Nc is the number of ﬁlter coeﬃcients (see Table 1).
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Expanding Eq. (19) by Eq. (66) yieldsFig. 4.
Knd(s)
Fig. 5.huðxÞi ¼ lim
n!1
ebx2n1
p
Ykp
k¼1
XN c1
j¼0
1
2
pje
ikx2kn
 ! Xkmax
k¼kmin
u^ðbþ iðk þM1Þ2nÞeixk2n
( )
¼ lim
n!1
hunðxÞi; ð68Þwhere kp = 10 and Nc = 12 are taken for numerical examples. The value of M1 is calculated from Eq. (61).
Introducing boundary conditions (Eqs. (31)) and Eq. (22b) for each hun(x)i, leads to calculating the integration
constants Y1,Y2, . . . ,Y6 and allows to get the approximate solutions for average displacement hu(x)i for a wide
class of correlation functions K(s).
Fig. 4(a) and (b) shows the average displacement hun(s)i in the Laplace transform domain, where s = ix: (a)
for the diﬀerentiable correlation function Kd(s) (Eq. (44)) and (b) for the non-diﬀerentiable correlation func-
tion Knd(s) (Eq. (20)). It can be noticed that for these functions it is suﬃcient to assume xmin = 5, xmax = 5
and b = 0. The parameter b = 0 assures the existence of the Laplace inverse transform (Eq. (64)).
For nP 3 the approximation for correlation function K(s) almost coincides with the exact solution in the
considered range of space variable x (Fig. 5(a) and (b)) (Wang et al., 2003).
Coiﬂet approach is the eﬃcient method which gives the approximate solutions in more complicated cases,
e.g., for correlation function Kd(s) (Eq. (44)) (Fig. 6).
Parametric study of the model can be done by application of method based on the wavelet theory. A com-
parison of solutions for average displacement obtained with diﬀerent correlation functions may be done too
(see Fig. 7). Fig. 7 shows that the range of coincidence of approximate solutions hu3(x)i decreases with increas-
ing standard deviation r.-2 -1 0 1 2
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Average displacement for Knd(s) (b = 0.2, r = 0.2): (a) n = 2 (–––), exact solution (—) and (b) n = 3 (–––), exact solution (—).
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Fig. 7. Average displacement (b = 0.2, n = 3) for (a) r = 0.2, Knd(s) (—), Kd(s) (–––) and (b) r = 0.4, Knd(s) (—), Kd(s) (–––).
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Fig. 6. Average displacement for Kd(s) (b = 0.2, r = 0.2): n = 1 (  ), n = 2 (–––), n = 3 (—).
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response of the considered stochastic system. The investigations can be carried out using the explicit analytical
solutions obtained in this paper.
8. Conclusions
This paper is concerned with the analysis of bending waves in semi-inﬁnite beam resting on a viscoelastic
random foundation. The approximate analytical solutions for the displacement ﬁeld, variance and dynamic-
stiﬀness coeﬃcient are derived. The solution is obtained on the basis of two approaches: Bourret’s approxi-
mation and Adomian’s decomposition.
The new method of ﬁnding the inverse Laplace transform based on the wavelet theory has been adopted to
carry out the parametric study. The proposed method allows to calculate and compare the solutions for the
arbitrary chosen correlation function. The numerical tests indicate that the coiﬂet-based method is very eﬃ-
cient and relatively easy to implement in practical calculations.
Appendix A
The one-sided Green’s function G, used in this paper, can be found as a solution of the initial value problemd4G
dx4
 k4G ¼ 0; ðA:1Þ
Gð0Þ ¼ 0; G0ð0Þ ¼ 0; G00ð0Þ ¼ 0; G000ð0Þ ¼ 1. ðA:2ÞIt assumes the formGðxÞ ¼ 1
4k3
ðekx  ekx þ ieikx  ieikxÞ. ðA:3Þ
The coeﬃcient k, playing the role of wave number, is chosen in this way that Re(k) > 0 and Im(k) < 0.
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boundary value problem. However, the formulation as a boundary value problem is quite inconvenient since
one would need a two-sided Green’s function deﬁned piecewise (Greenberg, 1971).
Substituting Eq. (7) into Eq. (4) yieldsd4u
dx4
 k4uþ kmeðxÞ½Y 1G000ðxÞ þ Y 2G00ðxÞ þ Y 3G0ðxÞ þ Y 4GðxÞ  k2m
Z x
0
Gðx x1Þeðx1ÞeðxÞuðx1Þdx1 ¼ 0.
ðA:4ÞAveraging of Eq. (A.4) gives Eq. (17) and hence, by the Laplace transform one obtainss4hu^i  s3uð0Þ  s2u0ð0Þ  su00ð0Þ  u000ð0Þ  k4hu^i  k2mL½GðxÞKðxÞhu^i ¼ 0. ðA:5Þ
Using temporary initial conditions (Eq. (8)) leads tos4hu^i  s3Y 1  s2Y 2  sY 3  Y 4  k4u^ k2mL½GðxÞKðxÞhu^i ¼ 0. ðA:6Þ
Utilizing the forms of G(x) and K(x) given in Eqs. (A.3) and (20), respectively, yieldsL½GðxÞKðxÞ ¼ r
2
4k3
1
sþ b k
1
sþ bþ kþ i
1
sþ b ki i
1
sþ bþ ki
 
. ðA:7ÞThe determinants in Eqs. (32a) and (32b) assume the formsMa ¼
fa3ðlÞ fa4ðlÞ f5ðlÞ f6ðlÞ
f 0a3ðlÞ f 0a4ðlÞ f 05ðlÞ f 06ðlÞ
f 00a3ðlÞ f 00a4ðlÞ f 005 ðlÞ f 006 ðlÞ
f 000a3ðlÞ f 000a4ðlÞ f 0005 ðlÞ f 0006 ðlÞ


;
Ma3 ¼
fa1ðlÞ fa4ðlÞ f5ðlÞ f6ðlÞ
f 0a1ðlÞ f 0a4ðlÞ f 05ðlÞ f 06ðlÞ
f 00a1ðlÞ f 00a4ðlÞ f 005 ðlÞ f 006 ðlÞ
f 000a1ðlÞ f 000a4ðlÞ f 0005 ðlÞ f 0006 ðlÞ


;
Ma4 ¼
fa1ðlÞ fa3ðlÞ f5ðlÞ f6ðlÞ
f 0a1ðlÞ f 0a3ðlÞ f 05ðlÞ f 06ðlÞ
f 00a1ðlÞ f 00a3ðlÞ f 005 ðlÞ f 006 ðlÞ
f 000a1ðlÞ f 000a3ðlÞ f 0005 ðlÞ f 0006 ðlÞ


;
Ma5 ¼
fa1ðlÞ fa3ðlÞ fa4ðlÞ f6ðlÞ
f 0a1ðlÞ f 0a3ðlÞ f 0a4ðlÞ f 06ðlÞ
f 00a1ðlÞ f 00a3ðlÞ f 00a4ðlÞ f 006 ðlÞ
f 000a1ðlÞ f 000a3ðlÞ f 000a4ðlÞ f 0006 ðlÞ


;
Ma6 ¼
fa1ðlÞ fa3ðlÞ fa4ðlÞ f5ðlÞ
f 0a1ðlÞ f 0a3ðlÞ f 0a4ðlÞ f 05ðlÞ
f 00a1ðlÞ f 00a3ðlÞ f 00a4ðlÞ f 005 ðlÞ
f 000a1ðlÞ f 000a3ðlÞ f 000a4ðlÞ f 0005 ðlÞ


: ðA:8–A:9ÞThe determinant in Eq. (36) equalsN a3 ¼
fa2ðlÞ fa4ðlÞ f5ðlÞ f6ðlÞ
f 0a2ðlÞ f 0a4ðlÞ f 05ðlÞ f 06ðlÞ
f 00a2ðlÞ f 00a4ðlÞ f 005 ðlÞ f 006 ðlÞ
f 000a2ðlÞ f 000a4ðlÞ f 0005 ðlÞ f 0006 ðlÞ


. ðA:10ÞThe expressions fai (i = 1,2, . . . ,6; a = A,B) are given in Eqs. (23) and (24), respectively.
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